Abstract-The design and analysis of nearly-orthogonal symmetric wavelet filter banks has been studied. Methods for analyzing the correlation of the nearly-orthogonal filter banks are proposed. The basic idea is to impose multiple zeros at the aliasing frequency to a symmetric filter, minimize the deviation of the filter satisfying the orthogonal condition, and a nearly orthogonal filter bank can be obtained. Since multiple zeros are imposed, a scaling function may be generated from the minimized filter. The integer translates of the wavelet and the scaling functions are nearly orthogonal. The integer translates of the wavelet at different scale are completely orthogonal. We will construct a perfect reconstructed semi-orthogonal filter bank. Detailed analysis of correlation of the nearlyorthogonal filter banks are given in this paper.
I. INTRODUCTION
Sub-band transforms have been successfully used in many areas of signal processing, especially in the compression of still image and video signals. This technique normally employs analysis/synthesis multi-rate digital filter banks for the decomposition and reconstruction of signals [1] , [2] . It has been shown that filter banks are closely connected with the wavelet transform which is a decomposition of a function (signal) into a set of basis functions consisting of contractions, expansions, and translations of a mother function [1] . Lots of wavelet transform decompositions of functions can be implemented as filter banks, and on the other hand, filter banks can be used to generate wavelet base if they satisfy some basic condition such as the perfect reconstruction and regularity.
Using wavelet filter banks for image processing has been studied widely and it has been shown to have potential for image coding [3] - [7] . While most of these developments concentrated on one dimensional signals and the multidimensional case was handled via the tensor product, some of the more recent efforts concentrated on the "true" multidimensional case, both from the filter bank and the wavelet aspects [8] - [13] . Regularity is a crucial distinction between an ordinary filter bank and a wavelet filter bank and it has been shown in [1] - [6] that the vanishing moments and regularity are relevant to denoising [8] , sub-band coding [14] - [16] , etc., although it is not necessary to maximize the regularity of a filter bank in all applications [5] , [6] .
For two channel filter banks, no matter whether they are one-dimensional or two-dimensional, there is not one which can be simultaneously be symmetric (linear phase) [17] , compactly supported (FIR) [18] and orthogonal, except the Harr wavelet [19] which is not continuous. However, linear phase, which is good properties for filtering to avoid distortion in signal processing, is often desired. To obtain a FIR filter bank, only nearlyorthogonal filter bank is possible. In this paper, zeros at aliasing frequency points are directly imposed on the two-dimensional quincunx symmetric filter, and optimize it to satisfy the orthogonal condition as closely as possible. Then a nearly-perfect reconstructed (NPR) [20] and nearly-orthogonal (ON) filter bank can be obtained, and a corresponding scaling function can be generated.
The question is what is the corresponding wavelet and what is the degree of orthogonality of it, since the filter bank is not perfect reconstructed. Firstly, we can construct a semi-orthogonal 1D which is perfect reconstructed. We will show that the semi-orthogonal filter is very close to the nearly-orthogonal filter bank in the sense that the corresponding filters in the two filter bank have the exact phase response and almost the same amplitude response. The NPR filter bank is regarded as an implementation of the semi-orthogonal filter and correlation analysis is carried on the semi-orthogonal filter bank. Both theoretical and experimental analysis are given, which show that the semi-orthogonal filter bank is nearly-orthogonal. Secondly, a complementary filter with the same vanishing moment as the original filter is found. The correlation of this perfect reconstructed filter bank is also carried out. The analysis show that, in the biorthogonal wavelet constructed process, orthogonality of the wavelet at different scale become worse obviously. This paper is organized as follows. Two Channel Filter Banks and Wavelets are briefly reviewed in Section II. In Section III, Symmetric Nearly-Orthogonal Filter Banks are presented in detail. In Section IV, the Correlation Analysis of Wavelet Filter Banks is discussed completely, and some design examples are shown. Finally, conclusions are given in Section V.
II. TWO CHANNEL FILTER BANKS AND WAVELETS
It is known that there is a close relation between filter banks and wavelets. A lot of discrete wavelet transforms can be implemented as filter banks, and perfect reconstructed filter banks may generate wavelets, provided that they satisfy some regularity condition. The condition for a filter bank being capable to generate wavelet bases is very complicated, as indicated in [21] . However, a necessary condition for a filter can be used to generate a scaling function is that it must have some zeros [22] , [23] at the point of 1 z . If this condition is satisfied, the filter bank may be capable to generate a multiresolution analysis and a wavelet basis [24] .
A general one-dimensional two channel filter bank is shown in Fig. 1 . The output is 1 2
If it is perfect reconstructed (PR), we would have (2) The notation "hat" above a variable is used to denote its Fourier Transform. And the wavelet can obtained from the two-scale equations
where ( ) ( ) p k q k are the coefficients of the polynomial of ( ) P z and ( ) Q z respectively, i.e., ( ) ( )
In frequency domain, we have (8) Similarly, the synthesis filter bank is given.
III. SYMMETRIC NEARLY-ORTHOGONAL FILTER BANKS
Consider filter bank with the synthesis low-pass filter (LPF), analysis LPF, synthesis high-pass filter (HPF) and analysis HPF [25] as
( ) ( ) no Q z zP z (12) it is easy to verify that response to the aliasing ( ) x z is completely cancelled because the output is equal to (13)
then the filter bank would be a perfect reconstructed and an orthogonal filter bank. If we don't assume that ( ) P z is symmetric, we can obtain orthogonal filter as in [23] . However, it is known that there is not a two-channel filter which can be simultaneously symmetric, orthogonal, and FIR [1] . If we assume the filter ( ) P z is symmetric, then (14) (17) where * is convolution operation,
N M m (22) To make ( ) P z satisfy (17) 
starting from any 0 ( ) t with ˆ( 0) 1 . If the order of ( ) P z is 1 2 { } n n , the support of the scaling function will not exceed the interval 1 2 ( 1 ) n n . The convergence can be investigated by observing the convergence of the above recursion. Using the above equation to calculate the value of ( ) n t , the computation increase exponentially as n increase. However, we can always observe the convergence on the discrete points of l L , where l L is the sample interval since the calculation of ( ) n t on these discrete points only involving values of 1 ( ) n t on the same discrete points.
This allows us the compute ( ) n t for large n to observe the convergence. From the process we can see that it convergences. (The scaling function obtained from 100 times recursion has a difference less than 6.639e-14 difference with the exact scaling function computed as in [24] ).
The followed question is what is the wavelet corresponding to this scaling function, since the above filter bank is not perfect reconstructed. The wavelet corresponding to a scaling function is not unique, hence there are various alternatives. One way is construct a semi-orthogonal wavelet which always exists [21] .
According to [21] , once a scaling function is found, a semi-orthogonal wavelet always exists. It can be constructed as follows, 
IV. CORRELATION ANALYSIS OF WAVELET FILTER BANKS

A. Correlation Analysis for the Scaling Function of the Semi-Orthogonal WaveletFfilter Bank
Another question is that what is the degree of orthogonality of these nearly-orthogonal wavelet filter banks, including the correlation among the integer translates of the scaling function, correlation of among the integer translates of the wavelet, and correlation between the integer translates of the scaling function and the integer translates of wavelet, etc. In a multiresolution analysis with an orthogonal wavelet basis, the integer translates of the scaling function from an orthogonal basis, the integer translates of the wavelet from an orthogonal basis, the integer translates of the scaling function are orthogonal to the integer translates of the wavelet, and hence the integer translates of the wavelet at different scale are orthogonal each other, i.e., ( ), ( ) 
Therefore, we have , is given in Table  2 .
For the case of m=2, M=5, the correlation ( ), r i k Z are shown in Fig. 5 . We see that the integer translates of the scaling function are almost orthogonal. Similar to the correlation analysis of the scaling function, we consider (60)
Using the definition of (28) 
For example, the correlation coefficients of the semiorthogonal wavelet for the case of m=2, M=5 are shown in Fig.6 . We see that the correlation is very small.
Correlation of Semi-Orthogonal Wavelet
Correlation of Semi-Orthogonal Wavelet in Decibel Figure 6 . 
Therefore, the correlation polynomial is equal to Therefore, if is small enough, the semi-orthogonal filter bank can be implemented as the nearly-orthogonal filter, and the latter can be regarded as an approximate implementation of the corresponding semi-orthogonal filter bank.
V. CONCLUSIONS
The nearly orthogonal one-dimensional filter banks are designed and analyzed in this paper. Especially, the orthogonality and correlation of the wavelet bases are studied. The main idea is to optimize a symmetric filter with multiple zeros at the aliasing frequency to satisfy the orthogonal condition, then a nearly-orthogonal filter bank can be obtained. Design examples with small even number of zeros at the aliasing frequencies and short length filter banks are given.
Since the nearly-orthogonal filter bank is not perfect reconstructed, to analyze the properties of the wavelet, we need to construct perfect reconstructed filter banks. Semi-orthogonal filter banks are constructed, and detailed correlation analysis made on the semi-orthogonal filter banks show that it is nearly-orthogonal. The integer translates of the wavelet and scaling functions are nearly-orthogonal. The integer translates of the wavelet at different scale are completely orthogonal. Theoretical analysis and experiments show that these filter banks are very close to the nearly-orthogonal filter bank if the filter bank is very close to orthogonal. It can be implemented as the corresponding nearly-orthogonal filter bank, in which every filter in the nearly-orthogonal filter bank is a very good approximation of the corresponding filter in the semi-orthogonal filter bank.
